Abstract. -We study the distribution of small points at finite places.
The proofs by Ullmo [11] and Zhang [14] of Bogomolov's conjecture about points of small height in abelian varieties make crucial use of an equidistribution theorem they had proved with Szpiro in [9] . In this paper, I want to prove analogous results concerning the p-adic distribution of small points.
First let me recall the statement of Szpiro, Ullmo and Zhang. Let X be an projective variety over a number field F, L = (L, · ) an ample line bundle on X , endowed with a semipositive adelic metric in the sense of Zhang [13] . Assume that the metrics at the archimedean places are smooth with positive definite curvature forms c 1 (L). Let F denote a fixed algebraic closure of F. Zhang's extension to adelic metrics of Bost-Gillet-Soulé height machine in Arakelov theory [5] attaches to any subvariety Z of X a real number ( c 1 (L) dim 1+Z |Z). This extends Weil's heights: if one defines, for any point x ∈ X (F),
then h L defines a height function on X (F) for the line bundle L. For any subvariety Z of X , one defines
and, following Zhang, one introduces the "essential minimum" of h L as e(X , L) = sup U⊂X inf x∈U (F) h L (x).
Moreover, if x ∈ X (F), let µ x denotes the uniform probability measure on X (C) supported at the Galois orbit of x: Theorem (Szpiro, Ullmo, Zhang). -Assume e(X , L) = h L (X ). Then, for any sequence (x n ) of points of X (F) such that a) h L (x n ) → e(X , L) and b) no subvariety of X contains an infinite subsequence of (x n ), the sequence of probability measures (µ x n ) on X (C) converges vaguely to the measure
I propose in this paper two kind of results. The first ones (Prop. 1.2, 2.1 and 3.2) are valid in any dimension but require some algebraicity assumption on the v-adic metric at the place of interest. A very simple example is given by the limit distribution of algebraic points of small Weil height in P 1 : for any prime number p, it is the Dirac measure at a point of the p-adic Berkovich-analytic projective line, namely the one whose reduction is the generic point of the projective line over F p . By a theorem of Bilu, the archimedean distribution is the rotation invariant probability measure supported on the circle {|x| = 1} in C.
Then, in the case of curves, I prove in Theorem 4.1 an equidistribution result on the "reduction graph" of Rumely-Zhang. The situation is already interesting in the case of semi-stable elliptic curves where the reduction graph is a circle : points of small height are equidistributed in this graph (for its natural rotation invariant probability measure). This means that the reductions of points of small height at a place of bad semi-stable reduction "visit" evenly all irreducible components (say, on the inductive limit of all Néron models over all number fields in Q).
All proofs follow the same strategy as the original proof of Szpiro, Ullmo and Zhang's above equidistribution theorem. Another approach, using capacity theory, to equidistribution theorems for sequences of small points in the projective line has been given in works of Bilu [4] , Rumely [7] and Serre (letter to D. Bertrand, 1997). Rumely even mentions equidistribution theorems in an adelic setting.
Open tubes
Let X be a projective smooth algebraic variety over a number field F; we denote by F the algebraic closure of F. Fix a finite place v of F and denote by F v the completion of F at v, by o v the ring of integers in F v , and by k v its residue field. Denote by p the characteristic of k v , let C p be the completion of the algebraic closure of the field of p-adic numbers; recall that it is algebraically closed. We fix an embedding F v ⊂ C p . Let o p ⊂ C p be the ring of integers of C p and denote by red : o p → F p the reduction map.
Let X be a flat and projective o v -scheme with
We define the specialization map to be the composition Given such a tube T , we define a collection of metrics ( · T ) on the trivial line bundle O X as follows: at at place w = v, it satisfies 1 w = 1 ; at the place v, one sets 1
Let L be a line bundle on X , endowed with adelic metric. I will say that an open tube T in X (C p ) is small with respect to L if it the preimage of a closed subset Y of the special fibre of a model X as above, such that there exists on X an ample line bundle L extending L and defining its v-adic metric. A very small tube is a small tube defined by a closed subset Y as above which does not contain any irreducible component of the special fibre. Proof. -As this family coincides outside v with the given adelic metric, the only thing to check is that, at the place v, the norm · L,v ϕ a T is, for a > 0 small enough, a limit of semipositive algebraic metrics defined by models over the ring o F,v , localization at v of the ring of integers of F.
Assume X and Y are defined by homogeneous polynomials
in a projective space P n . By Artin's approximation theorem, there exist, over a finite extension K of F, integral polynomialsP i which are congruent to P i modulo p and define a projective flat modelX of X over the ring of integers o K of K, and an ample line bundle L onX defining the v-adic metric of L. It is clear that Y is contained in the special fibre ofX and defines the tube T . Now, let X ′ →X be the blow-up of Y and denote by E its exceptional divisor. We endow E with multiplicities so that it is locally defined by a uniformizing element of o F at v (It has therefore the same multiplicities as the special fibre ofX.) One still has T = ]E[ and, by the very definition of the multiplicities on E, the algebraic metric on O X attached to the line bundle O X ′ (−E) on O X ′ coincides with the metric · T .
The description of the blow-up as the projective spectrum of a graded Rees algebra implies that O X ′ (−E) is the restriction to the blow-up of the canonical O(1), so is relatively ample. Therefore, for n ≫ 0, π * L ⊗n (−E) is ample on X ′ . In the language of adelic metrics, the metric on L obtained by multiplying the original metric by ϕ 1/n T is ample and the semipositivity of · L ϕ a T for a > 0 small enough follows from this. Proof. -If a > 0, denote by L(−aT ) the semipositive adelic metric constructed in the previous lemma.
Proposition 1.2. -Let X be a projective smooth variety over F, L an ample line bundle on X , endowed with a semi-positive metric. Assume that e(X , L) = h L (X ). Then, for any open tube T which is L-very small, and any sequence
By Zhang's Theorem 1.10 in [13] ,
For any x ∈ X (F),
is the proportion of conjugates of x which belong to T . Hence, one has
Concerning the height h L(−aT ) (X ), one has in fact
Indeed, if E is the exceptional divisor on the blow-up I described in the proof of the lemma,
by the projection formula. Consequently
As µ x n (T ) 0, this implies that µ x n (T ) converges to 0 when n → ∞.
From the point of view of measure theory, this result implies limit measures of a sequence (µ x n ) must be sought outside the world of usual measures on the p-adic space X (C p ). To that aim, rigid geometry in the sense of Berkovich proves very useful, see § 3.
Components of a special fibre
When X has irreducible special fibres, small tubes are automatically very small. In the contrary, when a special fibre is reducible, it becomes interesting to consider the repartition of points of small height according to the components of their specialization.
Assume that at the place v, the v-adic metric of L is ample, defined by a model X. Let (X i ) i∈I denote the set of components of the special fibre of X at v. (What follows will be trivial if card I = 1.) Each component X i defines a tube T i ⊂ X (C p ). Let also m i denote the multiplicity of X i in the special fibre. This implies that for any a, the twisted adelic
Then, for any i ∈ I, and any sequence 
In other words, the specializations of small points are distributed in the components of the special fibre, according to the L-degrees of these components.
Proof. -As above, the proof goes by considering the metrized line bundle L(aT i ) for rationals a. As the adelic metric of L is semipositive, and is algebraic and ample at v, defined by the model (X, L), L(aT i ) is semipositive for |a| small enough and it is defined by the Q-divisor L(am i X i ). Let us compute the height of X with respect to L(aT i ):
It now follows from Equ. (1.3) that for |a| small enough,
Letting a → 0, among either positive or negative rational numbers, and dividing both members by a, one obtains that
Analytic spaces in the sense of Berkovich
In this section, I want to reinterpret the two previous results in the framework of rigid analytic geometry, as developped by Berkovich [2] .
Let K be a non-archimedean field, whose norm is non-trivial. Let o = {x ∈ k ; |x| 1}, its ring of integers, m = {x ∈ o ; |x| < 1} its maximal ideal and k = o/m its residue field. Let X be a flat formal o-scheme which is topologically of finite presentation. Let X be its special fibre ; it is a k-scheme of finite type. Following Berkovich ( [3] , § 1), one can define the generic fibre of X, which is a K-analytic space X , together with a surjective reduction (specialization) map sp : X → X.
For the case we are interested in, K is a local field and X will be a projective flat oscheme. Then, X is the analytic space attached to the scheme X K ([3], § 5).
Let (X i ) i∈I be the set of irreducible components of the special fibre. For any i ∈ I, there is actually a unique point y i ∈ X such that sp(y i ) is the generic point of X i . Let ν i be the Dirac measure on X supported at y i ; denote T i = sp −1 (X i ) the tube over X i in X .
As in § 1, we define a very small tube in X to be the pre-image by sp of a closed subset in X which does not contain any irreducible component. Proof. -Introducing a finite covering of X allows to assume that X is a strictly Kaffinoid space. Moreover, the intersection of two S i is the preimage of the intersection of two irreducible components in X, so is a very small tube. By assumption, it has µ-measure 0. We may therefore assume that X is irreducible; let y be its preimage in X . Let U be a neighborhood of y in X . One has to prove that its complementary subset is µ-negligible. By the definition of the topology on an affinoid space, there is a finite set of analytic functions f j ∈ O(X ), j ∈ J, and a real ε > 0 such that U contains the intersection
.4.4, {y} is the Shilov boundary of X ).
Thus the complement of U in X is contained in the finite union
Replacing f j by some a f n j j , a ∈ K * , one may assume that | f j |(y) = 1. Then, the reduction of f is a non zero function on the irreducible k-scheme X and the finite union above is the union of finitely many very small tubes, so is µ-negligible. Finally, µ(∁U ) = 0, as was to be shown.
In this framework, Theorems 1.2 and 2.1 can be interpreted as follows. Let X be a smooth projective algebraic variety over a number field F and let L be a metrized line bundle on X . Assume that L is ample and that the metric is semipositive.
Let v be a finite place of F at which the v-adic metric of L is ample: there is a flat projective o v model X of X , and an ample line bundle L on X extending some power L n . Let (X i ) denote the set of irreducible components of the special fibre of X. Define a probability measure ν L on the F v -Berkovich space X an v of X as follows
where y i is the preimage of the generic point of X i in X an v . L) and b) no strict subvariety of X contains a subsequence of (x n ), one has the following convergence of measures
Theorem 3.2. -Assume that e(X , L) = h L (X ). Then for any sequence of points
v is compact, and so is the weak-* topology on the space of probability measures on X an v . Hence, any sequence of probability measure on X an v admits subsequences converging vaguely. To prove that µ x n converges to ν L , we therefore may assume that µ x n converges to a probability measure µ. We have to prove µ = ν L .
By Prop. 1.2, very small tubes are µ-negligible. By Prop. 2.1, the measures µ and ν L coincide on the preimage of any irreducible component of the special fibre. Il now follows from Lemma 3.1 that µ = ν L , qed.
The example of algebraic points in P 1 is particularly nice. In that case, Weil's height is obtained by an ample algebraic metric on O(1), corresponding to the O(1) on the projective line P 1 Z over Z. Let p be a prime number. The Berkovich p-adic projective line
) an has a specialization map to P 1 
The reduction graph
In many interesting cases, v-adic metrics are not ample algebraic but are a limit of ample algebraic metrics. This happens, for instance, when X is an abelian variety with semi-stable reduction at v. In particular, Theorem 3.2 has no consequence for the v-adic distribution of small points in an elliptic curve with semi-stable reduction at v.
By a limit argument mimicking those of Zhang in [13] , Thm 1.4, it is easy to attach, to any line bundle with "integrable v-adic metric" L on a projective variety X , a measure µ L on the associated v-adic Berkovich space. This is the analog of the positive current c 1 (L) dim X that Bedford-Taylor's theory [1] allows to define. However, I do not have a nice characterization of those measures which are "definite positive" yet. It is in particular unclear if this measure can be computed locally via an affinoid cover.
The purpose of this section is to show how the consideration of the reduction graph allows to recover interesting equidistribution results for points in curves.
Assume X is a projective smooth curve over a number field F. The bad reduction of X at a finite place v can be convenently encoded in its so-called reduction graph, as defined by Chinburg and Rumely. Assume that X has semistable reduction at v and denote by p the characteristic of the residue field at p. Then, the reduction graph is a metrized graph whose vertices correspond to the irreducible components of the special fibre, and two vertices are linked by as many edges of length 1/v(p) as the number of intersection points of the corresponding components. The explicit resolution of singularities of the form xy = a, a ∈ o F shows that the construction of the metrized graph commutes to field extensions. Thanks to Deligne-Mumford's semi-stable reduction theorem [6] , this allows to define the reduction graph of an arbitrary curve. (Precisely, after a field extension with ramification index e, one has to blow-up any intersection point e times, replacing any segment of length ℓ in the graph by e segments of length ℓ/e. -Loosely speaking, the vertices of the reduction graph are not marked.)
In his paper [12] , S. Zhang incorporated analysis on this graph to Arakelov geometry. This allows to take into account some natural adelic metrics encountered in arithmetic geometry, as the one computing the Néron-Tate height on an elliptic curve with bad reduction at a place. From the point of view of metrized line bundles, a slight generalization of this theory is possible, although I will not go into details here. Namely, any regular model over o F such that the special fibre has reduced normal crossings defines a reduction graph as above, graph on which Zhang's non-archimedean Arakelov geometry may take place.
As always in this paper, fix a finite place v and let R be the reduction graph of X at the place v.
Let E be a finite extension of F and let X E be the semi-stable model of X over o E . One has a specialization map sp : X (F) → R defined as follows: a point x ∈ X (F) specializes to a well-defined component of the special fibre at v and sp(x) is the corresponding point of the graph. This definition extends naturally to a specialization map, still denoted sp, from divisors on X F to divisors on the graph, preserving the degree, and a positive measure on R, denoted µ D , which if D = ∑ n i P i is the sum of Dirac measures ∑ n i δ sp(P i ) . To an algebraic point x ∈ X (F), viewed as a divisor on X F of degree [F(x) : F], we also attach the probability measure
Following [12] , the reduction graph allows to describe interesting classes of v-adic
Any line bundle L on X E extending L ⊗n E defines a metric on L. For this metric, sections of norm 1 at a point P ∈ X (E ′ ), E ⊂ E ′ , are as follows : first extend P to a morphism of o E -schemes ε P : Speco E ′ → X E , a section s at P is of norm 1 if and only if ε * P s n E extends to a section of ε * P L E . These are the algebraic v-adic metrics; we denote Pic alg (X F ) the group of line bundles on X F endowed with such metrics.
In particular, any divisor D on X F defines a metric on the line bundle O X (D), given by the closure of D in some X E , where E is an extension of F such that D is a some of E-rational points of X . This subgroup, image Div(X F ) in Pic alg (X F ) has a complement corresponding to vertical divisors with Q-coefficients on some model X E .
To a vertical Q-divisor is attached a continuous piecewise linear function on R whose value at a point is, up to a normalization factor, the coefficient of the corresponding vertical component. Conversely, a continuous functions g on R defines a metric · g on the trivial line bundle, with 1 g = exp(−g(sp(x)). This metrized line bundle is denoted O(g).
We let Pic(X F ) to be the group of metrized line bundles on X F which are isomorphic to
A metrized line bundle L ∈ Pic(X F ) has a curvature c 1 (L) which is a distribution on R, defined so that for any divisor D on X F , c 1 (O X (D)) = µ D and c 1 (O(g)) = −∆g, where ∆ is the laplacian on the graph R (see [12] , A.3 for the definition). The definitions of the heights imply that
By the same reasoning as in the proofs of the two previous theorems, one finds
and does not depend on the extension E. They prove (loc. cit., Théorème 1.2) that for a point P of order n,
(The error term is very often equal to zero, see loc. cit..) From the point of view of metrized graphs, on can check that the contribution of the finite place v to the left hand side is equal to 1
More generally, the equidistribution theorem 4.1 implies that for any sequence of distinct points (P n ) of X (F) whose Néron-Tate heights converge to zero, (−Φ P n ) 2 /[F(P n ) :
F] converge to 1 6 log N F/Q (∆ X )
[F:Q]
. In fact, this requires a trivial extension of Theorem 4.1 in which all places of bad reductions would be taken into account.
